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Abstract 

In this paper we prove that the multiplicative character of A. Connes and M. Karoubi and the 
determinant invariant of L. G. Brown, J. W. Helton and R. E. Howe agree up to a canonical 
homomorphism. 
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J. KAAD 

1. Introduction 



F{x) 



In their paper, [TO], A. Connes and M. Karoubi define a multiplicative character on algebraic 
i^-theory 

Mp : K2p{A) €/{2mYZ 
for each odd Fredholm module (F, H) satisfying the additional growth condition 

(1) [F, a] e C^P{H) for all aeA 

By the work of A. L. Carey, J. Phillips and F. A. Sukochev, flT] and [12j, each odd unital 
spectral triple {A, H, V) with resolvent 

(A - V)-^ G a{H) for each A G C - M 

in the q^^ Schatten ideal for some 1 < g < 2p, gives rise to an odd 2p-summable Fredholm 
module in a canonical way. The Fredholm operator F G C{H) being the sign operator 

X for X e l[o,oo)(^^) 
-X for X G l(_oo,o)(^^) 

We can therefore associate a multiplicative character 

Mj, : K2p{A) C/{2m)PZ 

to each odd g-dimensional spectral triple {A, H, V) with 1 < q < 2p. 

In a different direction, L.G. Brown has defined a determinant invariant 

Detx : K2{B) ^ C* 

for each exact sequence of C-algebras 

X : > C\H) S B > 

equipped with an injective homomorphism t : S ^ '^(H) such that 

(2) {ioi){T)=T for all T e C\H) 
See the papers [4] and [5]. 

In the case where B is commutative this invariant is related to the work of J. W. Helton and 
R. E. Howe on traces of commutators, [I5j, via the identity 

Detx{s(^),s(T)} = exp(Tr[^,r]) 

Here {5(5*), s(T)} G K2{B) denotes the Steinberg symbol. 

Given an odd g-dimensional spectral triple {A, H, V) with 1 < g < 2 we construct an exact 
sequence 

(3) Xv : ^ C\H) £ B > 

an injective homomorphism l : 8 ^ ^{H) satisfying (l2|) and a surjective homomorphism 

R:A^B 

In particular the spectral triple {A, H, T>) furnishes both a multiplicative character 

Mv : K2{A) C/(27rz)Z 
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a determinant invariant 

Detx^ : K2{B) ^ C* 

and a canonical link between them 

: K2{A) ^ K2{B) 

The main result of this paper can then be expressed as the commutativity of the diagram 

KM) — K2{B) 



(4) Mt, 

C/(27r.)Z — e 

The multiplicative character and the determinant invariant thus agree upto the homomorphism 
: K2{A)^K2{B). 

This should be seen in relation with a result of A. Connes and M. Karoubi describing the 
multiplicative character in terms of a central extension 

1 > C* > r > E{M'^) > 1 

Indeed some of the main ideas for our proof are taken from |Jil, Paragraphe 5]. 

One important advantage of comparing the multiplicative character and the determinant in- 
variant is that the latter admits calculation. As an example we look at the spectral triple 
{C°°{S^),L'^{S^), For any smooth loop a : 5^ ^ C we prove that 

Mjy{z,e''} = — f a{e)de e€/{2m)Z 

The algebraic K-group K2(C^{S^)) thus contains information about the 0**^ Fourier coefficient 
of a. In this context we should also mention the work in [28] on a central extension oi E{C°^{S^)) 

by e. 

The paper is organized as follows. 

In the first section we give an alternative description of the universal determinant invariant 

T>eiu ■.K2{C{H)/C}{H)) ^ C* 
The main ingredient is a different construction of the homomorphism 

U:H2{H)^KeTi^)/[G,Kei{^)] 

induced by a surjective group homomorphism tp : G ^ H . This approach uses a cokernel 
complex as introduced by M. Levine in [19] . What is gained at first sight is a homomorphism 
which is more suitable for calculations since it is defined without the use of set theoretical 
sections. On a deeper level, the alternative definition of the determinant invariant which arises 
seems to be crucial for our main proof to work. 

In section 3 we review the definition of the universal odd multiplicative character 

Mu : K2p{M^) C/{2niyZ 
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introducing the relevant concepts as we need them. In particular we describe the relative Chern 
character 

in details. To this end we introduce a homology theory, if„(Ao(A)), of maps 

a : A" ^ GL{A) a(0) = 1 

as well as the logarithm 
given by 

7 a = > sgn s / a ^ ® . . . ® a ^dh A . . . A dtn 

Ja^ 9ts{l) dts{n) 

We remark that for each map 

a : a(0) = 1 

where G denotes the operators of determinant class we have 

(exp oTr o 7) (cr) = det(cT(l)) 

giving a hint of the connection between determinants and the multiplicative character. Another 
important observation, which we present in section 4, is the factorization of the homomorphism 

Ti : HCl^^'iM^) C 

induced by the cyclic cocycle of A. Connes through the relative homology group HCq°^^(T^, J^^) 

T 

c 

Together with considerations on the relative normalized singular homology group 

H,{%\A),Ml{A)) 

and its relations to relative continuous cyclic homology these observations lead to a proof of the 
main theorem: The universal multiplicative character agrees with the universal determinant 
invariant up to a canonical homomorphism 

K^iM') ^ K,{C{H)/C\H)) 



Mu Det 



u 



In section 5 we review the transition from spectral triples to Fredholm modules and construct 
the associated exact sequence ((31). The commutativity of the diagram dH) is then deduced as a 
corollary to the main theorem. 

The paper concludes with a calculation of the multiplicative character in a concrete example. 
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2. The Determinant Invariant 

2.1. Preliminaries on Relative Group Homology. In this section we will review some 
standard homological constructions. This is needed in order to give precise descriptions of the 
isomorphisms in Theorem 12.11 and Theorem 12.21 which we will need throughout the paper. 

The group homology with integer coefficients of a group G is the homology of the chain complex 
(Z[G'"],(i) where the boundary 



is given by the face operators 





r {92,.. 


■ , 9n) 


for i = 




(5) 


di{9i, ■■■,9n) = { {9i, ■ ■ 


■ ) 9i9i+li ■ 


..,9n) for iG{l,2, .. 


.,n-l} 




[ {91,.- 


■,9n-l) 


for i = n 





In degree n G {1,2,...} we denote the cycles by Z„(G'), the boundaries by BniG) and the 
homology by HniG). 

Each group homomorphism (p : G ^ H induces a group homomorphism on homology (p^, : 
Hn{G) Hn{H) which on chains are extended linearly from 

V5*(fi'i, • • • , 9n) = {^{9i), V{9n)) 

Explaining the functoriality of group homology. 

The homology groups HniG) and Hn{H) fit in a long exact sequence 

^ Hn+i{H) Hr.{G,H) HniG) 

(6) 1^* 

^ Hn^.iG) ^ Hn^iiG^H) — HniH) 

which terminates at H^iGjH). The relative group homology, HiG,H), is the homology of the 
totalized shifted cone complex (Tot„(Cone((y9)[— 1]), where the boundary 

di^D) : Z[i7"+i] © Z[G"] Z[if"] © Z[G"-^] 

is given by 

diip)iy,x) = [dy + ^,ix), -dx) iy,x) G Z[i/"+i] © Z[G"] 

The map p : HniG,H) HniG) is induced by the projection piy,x) = x. The map d : 
HniH) Hn-iiG, H) is induced by the inclusion diy) = iy,0). 
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Each commutative diagram 



(7) 



G ^ H 



/3 

G' -r H' 



of group homomorphisms induces a group homomorphism (/3,q;)* : Hn{G,H) Hn{G',H') 
which on chains is given by 

Explaining the functoriality of the relative group homology. 

For each ne {1, 2, . . .} let Xjjn G^ denote the set of pairs {g^, g^) G G" x G" which coincide 
in H"" 

ip^ig') = ^,{g') G 

Let Coker„(5^) denote the abelian group Z[G" Xj^/n G"] modulo the relation 

{9\ g') + {9\ g') ~ i9\ g') {g\ g') , {g', g') e G- x^„ G" 

We get a chain complex (Coker„((5^), with boundary 

d : Coker„(5^) Coker„_i(5^) 

extending linearly from 

ig\g') ^ Y:U-^nd,{g^).d.{g')) ig\g') e g- x^„ g- 

The homology groups if„(Coker((5^)) are related to the relative homology groups by the map 

i o £ : Coker„((5<^) Tot„(Cone((y9)[— 1]) 

extending linearly from 

(t o s){g\ g^) = (0, g' - g') {g\g^) eG^Xh- G" 

Each commutative diagram of the form ([7]) induces a group homomorphism 

: //„(Coker(5^)) — > if„(Coker(5^')) 
which on chains extends linearly from 

a*(5'\fi'^) = (tt*(fi'^),tt*(5'^)) 
We then get the commutative diagram 



(8) 



H^{G\H') ^ if„(Coker(V)) 
We cite the following theorems from [T9] . 
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Theorem 2.1. Suppose that ip : G ^ H is surjective. Then the map 

i o e : Coker*((5<^) Tot*(Cone(v9)[— 1]) 
induces an isomorphism on homology 

loe: iy„(Coker(5^)) Hn{G,H) 

Let K^p denote the kernel oi ip : G ^ H and let denote the smallest normal subgroup of G 
containing all the commutators 

[^f, k] = gkg~^k~'^ 9 & G and k e K 
Theorem 2.2. The homomorphism 

descends to an isomorphism 

2.2. The Universal Determinant Invariant. In this section we will apply the results of 
Theorem 12.11 and Theorem 12.21 to define a universal determinant invariant 

T)eiu:K2{C{H)/C\H)) C* 

This will allows us to associate a determinant invariant 

Detx : K^iB) ^ C* 

to each exact sequence of C-algebras 

X : > C\H) — ^ S — ^ B > 

equipped with an injective homomorphism l : 8 ^ ^{H) satisfying 
(9) {l o z)(T) = T for all T G C\H) 

We consider the group homomorphism 

GL{q) : GL{C{H)) GL{C{H)/C\H)) 
induced by the quotient map 

q:j[:{H)^C{H)/C\H) 

Let /gl((j) denote the image of GL{q). Theorem 12.11 and Theorem 12.21 then furnish us with an 
isomorphism 

Since each element k G KGL(q) satisfies GL{q){k) = 1 the Fredholm determinant yields a 
homomorphism 

det : KoLig) ^ C* 

It descends to the quotient 

det : KGL{q)/'^GL(q) C* 

since for every g,l E GL(^C{H)) and k G KcLiq) we have 

det{lgkg-^k-H-^) = det{gkg~^k~^) = det{gkg-^)det{k-^) = 1 
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For details on the Fredholm determinant we refer to [29] or |31) . 

In the following we might suppress parts of the isomorphism ip o {i o e)~^. We hope that this 
will not cause any confusion. 

Definition 2.3. The universal determinant invariant 

T)eiu ■.K2{C{H)/C\H)) ^C* 

is defined as the composition 

T)eiu = det o d o o h2 

of the Hurewicz homomorphism 

h2 : K,{CiH)/C\H)) ^ H^ilcm) 
the boundary map on group homology 

d : H^ilcm) Hi{GL{C{H)),lGLig)) 
and the Fredholm determinant 

det: H,{GL{C{H)),lGLig)) ^ C* 

Remark 2.4. By [23] the first algebraic K-group of C{H) vanishes. We therefore have the 
equality GL(^C{H)^ = E(^C{H)^ and by consequence 

lGLi,) = E{C{H)/C\H)) 

This explains the unconventional choice of range of the Hurewicz homomorphism in the above 
definition. 

Suppose that we have an exact sequence of C-algebras 

X : > C\H) — ^ S B ^ 1 

equipped with an injective homomorphism i : E ^ ^{H) satisfying ([9]). We then have an 
induced homomorphism 

L-.B^ C{H)/C\H) 
which by functoriality of algebraic i^'-theory yields a homomorphism 

L,:K2{B)^K,{C{H)/C\H)) 
Definition 2.5. The determinant invariant 

Detx : K2iB) C* 

associated with the exact sequence 

X : > C\H) 8 B > 

is defined as the composition 

Detx = Detf/ o 

of the homomorphism 

i,:K2{B)^K2{C{H)/C\H)) 
and the universal determinant invariant 

T>eiu : K2{C{H)/C\H)) ^ C* 



COMPARISON OF HIGHER INVARIANTS FOR SPECTRAL TRIPLES 9 

2.3. Comparing Definitions of The Determinant Invariant. In this subsection we relate 
the determinant invariant of Definition 12.51 to the determinant invariant of L. G. Brown, J.W. 
Helton, R. E. Howe studied and introduced in the papers [41 [5l [T5]. 

Consider the exact sequence of groups 

1 > Kgl(,) GL{C{H)) > 1 

We let TGL{q) denote the smallest subgroup of GL(^C{H)) containing the commutators 

gkg-^k-^ G TcLiq) for all g,ke GL{C{H)) with GL{q){k) = 1 
Passing to the quotient we get a central extension 

(10) 1 > KGL(q)/VGL(q) GL{C{H))/TGLiq) ^ Icm > 1 

and by consequence a map 

fGL(q) ■ H2{lGL{q)) ^ KGL{q) 1^ GL{q) 

See |27| for example. Composing with the Fredholm determinant 

det : KGL{q)/^GL{q) C* 

we get a map 

det o fGL{q) : H2{lGL{q)) C* 
This is the main ingredient of the determinant invariant in the definition of [5]. 
Relating the two alternative definitions is now a question of showing that the homomorphism 

fcLiq) ■ H2{lGL{q)) ^ KGL{q) 1^ GL{q) 

coincides with the composition 

^ O (Z O O a : H2{lGL{q)) KGL(q)/^GL{q) 

See Section [221 

We undertake a slightly more general task. 

Theorem 2.6. Let (p : G ^ H be a surjective homomorphism. The homomorphism 

U : H2{H) ^ KJT^ 

induced by the central extension 

1 > K^/V^ — ^ G/V^ H . 1 

coincides with the composition 

of the group homological boundary map 

d:H2{H)^H,{G,H) 

and the isomorphism 

of Theorem \2.1\ and Theorem \2.2l 
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Proof. Let there be given a cycle 

2n 

(11) x = J2i-'^yi^i,yi)^MH) 

i=l 

representing a class x e H2{H). Choose a set theoretical section 

t:H^G (pot^ldH 
of the surjective group homomorphism (p : G ^ H. Recall that the homomorphism 

: H2{H) ^ KJT^ 

is given by 

(12) /^(x) = JJt(a;2fc)t(|/2fc)(t(a;2fc2/2fc)) ■ (^Ylt{x2k-i)t{y2k-i){'t{x2k-iy2k-i)) ^) 

k=l k=l 

For each A; e {1, . . . , n} we set 

Zk '■= X2k Zn+k '■= y2k ^2n+fc •= 2^2^-11/2^-1 

Likewise for each Z e {1, . . . , n} we set 

Wl := X2I-I Wn+l := y2l-l W2n+l = X2iy2l 

Note that we then have 

Z2n+k = WkWn+k and W2n+l = ZiZn+l 

Since the boundary 

2n n n 

^(^) ^ + Z/i - ^iVi) = ^{Zk + Zn+k + Z2n+k) " ^{^l + ^^n+i + W2n+l) 

i=l k=l 1=1 

vanishes in we can find a bijection 

(7 : {1, . . . , 3n} ^ {1, . . . , 3n} 

such that 

Zj — Wa-^j) for all J e {1, . . . , 3n} 

The boundary map 

d:H2{H)^H,(G,H) 
when applied to x e H2{H) is represented by the cycle 

(o,-d{t{x))^ e Zi(^Tot(Cone(99)[-l]] 

Where t{x) e C2{G) denotes the chain 



2n 



t{x) = Y,i-^yit{x,),t{y,)) 



i=l 
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We then have 

2n 

-d{t(x)) = - J2(-'^y{t(^i) + t(yi) - t(xi)t(yi)) 
1=1 

n 

= ^ {t{wi) + t{Wn+l) - t{wi)t{Wn+l)) 
1=1 

n 

~ X] i^i^l') + ^i^n+k) - t{Zk)t{Zn+k)) 
k=l 

Using the bijection 

(7 : {1, . . . , 3n} ^ {1, . . . , 3n} 

we can erase some of the terms and reorder the rest, thus 

-d{t{x)) = ^ {t{w^(2n+k}) - t{Wk)t{Wn+k)) 

a{2n+k)e{l,...,2n} 

+ X {t{Za{2n+k)-2n)t{Za{2n+k)-n) " t{Wk)t{Wn+k)) 

a{2n+k)£{2n+l,...,3n} 

(T-i(2n+0e{l,...,2n} 

Recalling that 

Za{2n+k)-2nZa{2n+k)-n — W„(2n+k) = Z2n+k = ^klVn+k and Z„-i(2n+l) = W2n+l = ^iZn+l 

we get that 

-d{t{x)) = {t{WkWn+k) - t{Wk)t{Wn+k)) 

a{2n+k)e{l,...,2n} 

+ ^ {t{WkWn+k) - t{Wk)t{Wn+k)) 

(T(2n+fc)e{2n+l,...,3n} 

+ X {t{Za{2n+k)-2n)t{Z(j{2n+k)-n) — t{Za{2n+k)-2nZa{2n+k)- n)) 

(T(2n+fc)G{2n+l,...,3n} 

+ X {t{Zl)t{Zr^+l) - t{ziZn+l)) 



<T-i(2n+/)e{l,...,2n} 



n 



= X {'t{WkWn+k) - t{Wk)t{Wn+k)) - X {t{ziZn+l) - t{zi)t{Zn+l)) 
k=l 1=1 

2n 

= Y,i-^y{ti^^)-tiy^)--ti^^y^)) 



1=1 

Since we indeed have 

(p{t{xi)t{yi)) - (p{t{xiyi)) = 
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the element {ip o [i o e)^^ o (9)(x) is represented by 

n n 

W{t{x2k)t{y2k) {t{x2ky2k))~^^ ■ ( Yl ^(^2fc-l)i(y2A,-l) {t{x2k-iy2k-l))~^ 
' k=l k=l 

in the abelian group K^p/T^p. This coincides with the element 

/^(x) G KJV^ 

from ( fT2i l proving the Theorem. □ 
Corollary 2.7. T/ie universal determinant invariant 

Detu : K2{C{H)/C\H)) ^ C* 

agrees with the composition 

det o fcLig) o h2 : K2{C{H)/C\H)) ^ C* 

where the homomorphism 

is induced by the central extension (fTOl) . 

3. The Multiplicative Character 

3.1. Normalized Singular Homology. This section has three parts. We start by giving a 
slightly different description of the homology of the simplicial set GL{A^)/GL{A) studied in 
[To] . We then explain how the corresponding relative homology groups can be understood using 
a cokernel complex. At last we expose the connections to group homology. The first part is 
background material for the relative Chern character and hence for the multiplicative character. 
The latter two parts are needed for the proof of our main theorem. 

Let A be a unital Banach algebra. For each n G {1,2,...} we let A" denote the standard 
n-simplex 



A" = {tG[0,l]"|^t, <1} 



i=l 



The vertices of A" are given by 

(0,...,0) for i = 

(0,...,1,...,0) for te{l,...,n} 

where the 1 is in position i for i G {1, . . . , n}. Let C^(A", A) be the Banach algebra of maps 
or : A" ^ A. The norm on C2(A", A) is defined by 

n 

Ikll = lklloo + XI 11^^(^)11°°+ Yl \\DjD,{a)\\^ 

i=l 

Here || ■ ||oo : C{A"',A) [0, oo) is the supremum norm on the unital Banach algebra of 
continuous maps from A" to A and 

A : C2(A",A) ^C\A'\A) 
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is the partial differential operator Di 



_d_ 



Definition 3.1. By a C"^ map a : A" GL{A) we will understand an element in the group 
GL(C2(A",A)). 

For each n e {1,2, . . .} let GL(C2(A", A)) be the normal subgroup of GL(C2(A", A)) given 

by 

GL(C2(A", A)) = {ae GL(C2(A", A)) \ a{0) = l} 

Let (C(Ao(A)), d^) be the chain complex with chains 

Cn{A,{A)) = Z[G'L(C2(A", A))] n G {1, 2, . . .} 

and with boundary 

: CniAoiA)) ^ C„_i(Ao(A)) d'^ia) = ^tii-^YM^) + M^M^)-' 

where the face operators are given by 

J o-(ti,...,ti_i,0,ti,...,)f:„_i) for iG{l,...,n} 
^^i_J2-zlt^^t„...,t^.,) for ^ = 

Lemma 3.2. 

= 

Proof. By inspection we get the equalities 

di o dj = dj-i o di for i < j 
for the face operators. See also [131 Chapter 1] for example. 
The lemma is therefore proved if we can show that 

(13) K o d^){a) . {d,{a){l)y' = <_i(doM ■ ^(1)-') 

for all J G {1, . . . ,n} and a G GL(v4o(A")). See ^214 Lemma 1.0.7]. 
For j G {2, . . . , ra} we have 

dj{a){l) = and df_^{do{a) ■ (x{l)-') = {dj^i o do){cT) ■ 

proving ( ITSll in this case. For j = 1 we have 

rfi (a)(1) = a(2) and do{doia) ■ a{l)-') ■ ((rfo(a) • (t(1)-1)(1))"' = {do o do){a) ■ a{2)-^ 
proving ( ITSll in this case as well. □ 

Definition 3.3. By the normalized singular homology of GL{A) we will understand the ho- 
mology of the chain complex 

(C(ylo(A)),rf^) 
The homology groups are denoted by H(^Aq{A)^ 

Remark 3.4. The normalized singular homology of GL{A) is isomorphic to the homology of 
the simplicial set GL{A^:)/GL{A) considered in [TO] . 
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3.1.1. Relative Normalized Singular Homology. Let A and B be unital Banach algebras. Sup- 
pose that </? : A — > S is a unital continuous algebra homomorphism. Let a : A" ^ A be a 
map. The composition 

(poa: A"" ^ B 

is then a map. The partial derivatives are given by the formula 

d{ip o cr) da 

—mo 

dti ^ dti 

for each i G {1, . . . ,n}. 

It follows that (p : A ^ B induces a continuous unital algebra homomorphism 

ip{A) ■.C^{A^,A)^C\A'',B) ip{A){a) ^ cp o a 
We therefore get a group homomorphism 

(14) (^(A) : GL(C2(A^ A)) ^ GL{C',{A^, B)) 

which in turn extends by linearity to a chain map 

(/.(A), : C(^(A)) ^ C(So(A)) 

As in the group homological case we introduce the relative homology groups 

H,{Ao{A),Bo{A)) = i/,(Tot(Cone((^(A)[-l]))) 
which fit in the long exact sequence 

^^^^ //„+i(So(A)) //„(^(A),So(A)) H^{Ao{A)) 

••• ^-^^ H^-i{Ao(A)) ^ i/„_i(Ao(A),So(A)) — H^iBoiA)) 

terminating at Ho{Ao{A), Bo{A)) . 
For each n e {1, 2, . . .} let 

^^(^o(^^^)) XG.(cg(A^.)) GLiC^oi^-,A)) 

denote the set of pairs 

(^1,(72) G GL{C',{A^,A)) X GL(C2(A", A)) 
which coincide in GL{C^{A'', B)) 

<f{A){a^) = ^{A){a2) G GL{C',{A-, B)) 
Let Coker„((5^(A)) denote the abelian group 

Z[GL(C5(A»,^)) x^^(^,,^.^,) GLiCUA',A))] 

modulo the relation 

{ai, (72) + (cr2, CTs) (CTI, CTs) 
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We get a chain complex (Coker„(5^(A)), c?'^) with boundary 

: Coker„(5^(A)) ^ Coker,_i (5^(A)) 

given on generators as 

n 

d''{a,,a2) = 5^(-iy(rf,((Ti),rf,(a2)) + (rfo(ai) ■ (Ti(1)-\ t/oM ■ a2(l)-^) 
i=i 

In analogy with the group homological case we have the theorem 
Theorem 3.5. Suppose that the induced map 

ip{A) : GL{C',{A-,A)) ^ GL{C',{A\B)) 
is surjective for each nG {1,2,...}. Then the map 

ioe: Coker*(5^(A)) ^ Tot, (Cone ((^( A)) [-1]) 
which on generators is given by 

(i o£:) (0-1,0-2) = (0, (Ti - cr2) 
induces an isomorphism in homology. 

The next lemma shows that the condition in Theorem 13.51 is satisfied in a variety of situations 

Lemma 3.6. Suppose that the continuous unital algebra homomorphism ip : A B has a 
continuous linear section 

s : B —* A (fi o s = 1b 

then the induced map 

V9(A) : GL{C',{A\A))^GL{C',{A\B)) 
is surjective for all n E {1,2, .. .} 

Proof. For each n E {1,2,.. .} we can find bijections ipA and ipB such that the diagram 

GL{G^{A'',A)) ^ GL{G^{A\G\A''-\A))) 



GL{Cl{A\B)) GL{Gl{A\G\A--\B))) 

commutes. This reduces the problem to finding lifts of maps 

a : Ai GL(C2(A"-\ B)) a{Q) = 1 
The continuous linear section induces a continuous linear map 

s(A"-^) : G\A''-\B) C\A''-\A) 

such that (/9(A"~^) o s(A"~^) = 1c2(A"-i,_b)- This gives us the surjectivity of the unital Banach 
algebra homomorphism 

^{A) : C2(A"-\ A) C2(A"-\ B) 



16 
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The lemma now follows by a slight modification of standard results on liftings. See P, Corollary 
3.4.4] for example. □ 

3.1.2. Relating Normalized Singular Homology and Group Homology. Let A be a unital Banach 
algebra. Let GLo{A) denote the connected component of the identity in GL{A). Thus each 
element in GLo{A) has a representative T G GLm{A) such that T is connected to 1 G GLm{A) 
through a continuous path of invertibles. 

Lemma 3.7. The assignment 
defines a chain map 

9 : C,{Ao{A)) ^ C,{GLo{A)) 
Here 0, . . . , n G A" denote the vertices of the standard n-simplex. 

Proof. This is immediate by inspection. In fact we check for each a G G'L(Co(A", A)) that 

See also p8^, Paragraphe 6.15-6.18]. Note that 9{a) G GLq{A)"- is immediate since a{0) = 1 for 
each a G GL(C2(A", A)). □ 

Suppose that (p : A ^ B is a continuous unital algebra homomorphism between the unital 
Banach algebras A and B. We can then define a relative version of the chain map 9 

9 : Hn{Ao{A),Bo{A)) ^ Hn{GLo{A), GLo{B)) 

by the assignment 

9 : (a,r) ^ (e(a),e(r)) (r, a) G (5o(A)) © C„ (Ao(A)) 

Likewise we have homomorphisms between the homology theories of the cokernel complexes 

9 : if„_i(Coker((5^(A))) ^ Hn-i{Coker{5^)) 

given on generators as 

9ia^,a2) = {9{a^),9ia,))) 
The relations between these homomorphisms are well expressed in the commutative diagram 
Hr,{Bo{A)) H^_,{Ao{A),Bo{A)) ^ if„_i(Coker(5^(A))) 

(15) 

Hn{GL,{B)) -—^ H^_^{GLo{A),GLoiB)) ^ i/„_i(Coker((5^)) 
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In the case where ip : A ^ B is surjective it follows by [2], Corollary 3.4.4] that the connected 
component of the identity, GLq{B), is a normal subgroup of the image, iGL(ip), of the induced 
map GL{(p) : GL{A) — > GL{B). This observation yields homomorphisms 

H^{GLo{B)) ^ Hn{lGL(^)) and H^.i{GLo{A),GLo{B)) ^ 

which we will normally suppress. 

For details on the chain maps and homology theories involved we refer to Section EH] and Section 

3.2. Continuous Cyclic Homology and The Relative Chern Character. In this section, 
we will review the definitions of continuous cyclic homology and the relative Chern character. 
For details on cyclic homology the reader should consult the references [3, [8], [HI [2T]. Details 
on the relative Chern character can be found in [TOl [TSl [30l. 



Let A be a unital Banach algebra. Let C™°*(A) be the C-module 

C^ont(^A) = n G {0,1,2,...} 

n+l 

Here ® denotes the projective tensor product in the sense of Grothendieck [17]. The cyclic 
operator 

is defined on simple tensors by 

t : ao (8 ai ® . . . ® a„ 1-^ (— l)"a„ (g ® • • • ® o,n-i 
Let C^'™°*(y4) denote the quotient C-module 

C^.<=°°t(A) = Q°°*(y4)/(1 -t) 

The continuous cyclic homology of the Banach algebra A is the homology of the chain complex 
with boundary 

given on simple tensors by 
b{ao ® ai (g) . . . ® a„) 

n-l 

= (-l)"'a„ao (g ai (g . . . (g a„_i + ^(-l)*ao (g ai (g . . . (g ajaj+i (g . . . (g a„ 
We denote the homology groups by HG!^°^^{A). 

Each continuous algebra homomorphism : A ^ B induces a group homomorphism cp^ : 
HC^"'^^{A) — * HG^"'^^{B) which on chains is extended from 

V?* : ao ® 0-1 (g . . . (g a„ 1-^ (p{ao) (g (p{ai) (g . . . (g (p{an) 

As in the group homological case we introduce the relative homology groups 

i7CT*(^,^) = i^*(Tot(Cone((^)[-l])) 
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which fit in the long exact sequence 

■■■ — HCl°:^l{B) HCl'"'\A,B) HC^"''\A) 

(16) 

Let Ker„((y9) denote the C-module 

Ker„(^) = Ker(y? : C;^'™°*(A) C;^'<=°°t(E)) n E {0, 1,2,.. .} 

We get a chain complex 

(Ker„(v3),6) 

with boundary induced by the boundary on C^'™°*(74). The homology groups of the kernel 
complex are denoted by HC(Kev{(^)). 

Lemma 3.8. Suppose that (p : A ^ B has a continuous linear section 

s : B ^ A o s = 1b 

then the map 

i : Kei^{p) Tot=K(Cone((y9)[— 1]) i(x) = (0,x) 
induces an isomorphism on homology. 

Proof. The existence of the section entails the surjectivity of the chain map 

p, : 

in all degrees. The lemma now follows by standard homological arguments, see [211 Proposition 
1.0.12] for example. □ 

3.2.1. The Relative Chern Character. For a unital Banach algebra A, the topological i^'-theory 
K*°P(y4) and the algebraic i^'-theory K^{A) can be compared by introducing the relative K- 
theory Kl'^^i^A). The three i^'-theories fit together in a long exact sequence 

(17) 

— K^.M) V ^-i(^) ^ ^^'(^) 

which terminates at KI°'^{A). 

This long exact sequence is related to the continuous S-BJ-sequence in homology by means of 
Chern characters 

KZiA) — Kf{A) KM) Ky{A) — K-l,{A) 

Ch-l| ch^°p[ Ch-iij 



ch 
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In this section we recall the construction of the relative Chern character 

cK' : (A) ^ HCZ^liA) 

The relative Chern character is the composition of three homomorphisms. 
The first one is the Hurewicz homomorphism 

Here Hn{Ao{A)^ is the normalized singular homology group introduced in section ISTTl Details 
on the Hurewicz homomorphism can be found in |T4] or [32] among others. 

The second one is the logarithm 

7 : H^{Ao{A)) lim i7Q-*(M^(A)) 

m— >oo 

which is induced by 

/ X (—1)" y ^ f da 1 da , , 
18 7 : a ^ > sgn s / — a ^ ® . . . ® — a ^dh A . . . A dtn 

for each map a : A" GLm{A). Note that the direct limit is taken over the maps 
induced by the inclusion x i-^ x © 0. 

The last one is the generalized trace on continuous cyclic homology 

TR: lim ffC"=°°* (M„(A)) ^ 

m— >oo 

See for instance [20] . 

The relative Chern character 

cK' ■■ (A) ^ HCZ^liA) 
is thus defined as the composition 

(19) ch-> = TRo7o/.f 

of the Hurewicz homomorphism, the logarithm and the generalized trace. 

Remark 3.9. In the papers [lO] and [30] it is emphasized that the map 

which we refer to as the logarithm, actually factorizes through either a completed version of the 
non- commutative De Rham homology or continuous Lie algebra homology. We have chosen to 
simplify as much as possible thus ignoring these important factorization results. 
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3.3. The Universal Multiplicative Character. In this section we recall the construction 
of the odd universal multiplicative character. The main ingredients are the relative Chern 
character of Section 13.2.11 a calculation of a topological i^-group together with the long exact 
sequence (fTTl) and the cyclic cocycle of a universal Fredholm module. We refer to [lO] for details. 

Let if be a separable Hilbert space. For each p G {1, 2, . . .} let A^^^"^ denote the C-subalgebra 
of C{H © H) consisting of operators of the form 



Xii Xi2 
X2I X22 



e C{H®H) 



with Xi2,a;2i G C'^^^H) in the 2p^^ Schatten ideal. The C-algebra A^^^ ^ becomes a Banach 
algebra when equipped with the norm 

j|x|| ll'^llcxD II [-^5 '^j 1 1 2p 

where F is the operator 

' 1 
-1 

and the norms || ■ ||oo and || ■ ||2p are the operator norm and the norm on the 2p^^ Schatten ideal 
respectively. For details on the Schatten ideals we refer to [29] . 

The continuous linear map 

T2p-i:M^P-^®...®M^P-'^C 

defined on simple tensors by 



T2p-lix'^ (S) . . . (S) X^f~'] 



x% \ f x^^ ^ 



7^31)! 1^0 -i)\xi, Vxr^ 

determines a continuous cyclic cocycle and thereby a homomorphism 

T2P-1 : HCl^\{M^^-^) ^ C 

Here Tr : M2{C^{H)) ^ C is the operator algebraic trace. For details see [9] and [lO] 
Pre-composition with the relative Chern character thus yields a homomorphism 

r2,-iochg:ir-'(>l2^-i)^C 

In [lO] it is shown that K2p{M'^^~^) is the cokernel of 



from the exact sequence (1171 1. Furthermore it is shown that, when quotienting out by the 
additive subgroup {2'7iiyZ of C, the character 

T2P-1 o chg : ^ c/{2mrZ 

descends to a homomorphism 

T2P-1 o ch^;' : K2p{M^''-^) ^ C/i2mYZ 
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This is the odd universal multiplicative character 

4. Comparing The Determinant Invariant and The Multiplicative Character 

4.1. Factorization through Relative CycHc Homology. In this section we show that the 
composition 

Ti o cVf : Kf{M^) C 

factorizes through relative continuous cyclic homology. The results can be found in condensed 
form in fTO^, Section 5]. 

Let H he a separable Hilbert space and let Ai^ he the Banach algebra considered in Section 
I3.3[ Let P he the projection 

P= (J eC{H®H) 

and let q : C{H) C{H)/C^{H) he the quotient map. The map 

R:M^^ C{H)/C\H) 

given by 

R: X ^ q{PxP) for all x G 
is then an algebra homomorphism. 

Let C C{H) X A^^ be the C-subalgebra such that {S,x) G precisely when S — PxP G 
C^{H). The diagram 

1 ""2 1 



(20) 'rij \a 

C{H) C{H)/C\H) 

is thus a commutative diagram of C-algebras. Here tti and 712 are the projections given by 

7ri(5', x) = S and 712(5', x) = x. 

The C-algebra becomes a Banach algebra when equipped with the norm 

\\{S,x)\\ = \\PxP-Sh + \\x\\^ + \\[F,x]h 

The kernel of the surjective continuous algebra homomorphism 7r2 : ^ A^^ is the operators 
of trace class C^{H). Therefore the sequence of Banach algebras 

(21) . C\H) > 

is exact. 

The continuous algebra homomorphism 112 has a continuous linear section 

s : Ad^ — > T-*- X (xii,x) 

It follows by Lemma [331 that the continuous relative cyclic homology of 7r2 is isomorphic to the 
continuous cyclic homology of the kernel 

^^cont^^i^y^i) ^ ifC,^°°*(Ker(7r2)) 
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In particular each element in HCq°^*{T^ , Ai^) can be represented by an operator of trace class 

Lemma 4.1. The continuous linear map defined by 

T : {S, 0) ^ Tv{S) for all {S, 0) e 
induces a map on continuous relative cyclic homology 

T : HC^"''\T\M^) C 
Here Tr : C}{H) £. is the operator algebraic trace. 

Proof. Suppose that [w] G (7^'™"*(7"i) maps to zero under 
Let 5" e jC^{H) be such that 

b[w] = {S, 0) e 
Pick a representative w e T-^(8)T^ of [w]. Let 

fife 

j=i 

be a sequence converging to w e T^(g)T^ for /c — > oo. By continuity it follows that 

i=l 

converges to in C^{H). Since the operator algebraic trace Tr : C}{H) — > C is continuous we 
have 



E Tr([7;^ 5f] + [(x,^)n, + [7;^ (yf )n] + (yf )i2(xf)2i - (xf )i2(yf )2i) - Tr(5) 



i=l 

rik 

= ETr((i/f)i2(a;f)2i - (xf)i2(l/f)2i) - Tr(5) ^ 

i=l 

But the trace of the sum 



Tr(E(?/')i2(^f)2i-(^f)i2(yf)2i) 



1=1 



is precisely the image of 



- J2iTt + i^i)n,xt) (5f + (yf )n, ) eT'^T' 



i=l 



under the map Ti o 7r2 : (j^''^"^^ (j'^^ _> c By continuity it follows that 



Tr(E(^')i2(^-)2i-(^.')i2(yf)2i)-0 



1=1 



and therefore by the uniqueness of the limit Tr(5') = proving the lemma. □ 
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We are now ready to prove that the character 

n : ifCpt(A^i) ^ C 
factorizes through the relative continuous cyclic homology group HCq°^^(T^ , Ai^) 
Lemma 4.2. The diagram 



T 



is commutative. Or in equations 

Ti = Tod 

Proof. Let [w] G be represented by the element 

Choose a sequence 



w 



1=1 



converging to w. By the continuity of the character 

n : M'^M' - 

we have the convergence 



(22) niw'') = 5^Tr((xni2(2/f)2i - (xf)2i (2/^)12) - n\w\ 

4=1 



Since b{w) = and since the linear section of 112 
is continuous we have the convergence 



(23) -6(5^ .(x,'^) ® .(yf )) = -b{ 5^ ((x,'^)!!, ® ((y.)^„ )) - (5, 0) 



i=l i=l 



for some (5, 0) G T^. The element (5*, 0) must represent the boundary of [w] so we deduce the 
equality 

(24) Tv{S) = {T o d)[w] 

Now the convergence of (|23]) is equivalent to the convergence 



4=1 
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in C^{H). By continuity of the operator algebraic trace we therefore have 

5^Tr((xf)i2(yf)2i - (l/f)i2(xf)2i) - Tr(S) 

So by ((22]) and (EH) 
as desired. 



4 = 1 



(Toa)H = Tr(5) = TiH 



□ 



To draw some immediate consequences of Lemma 14.21 we define a relative logarithm 
7:i/„(ro^(A),A^J(A)) hm HCn-i{M^m{r'),Mm{M')) 

m— »oo 

and a relative generalized trace 

TR: hm HC'^^l{M^{r'), M^{M')) ^ HCn.^{r\ M') 

m—*oo 

For each element 

ia,T)eCn+i{Ml{A))®Cn{%\A)) 

we let 

(25) 7(^,r) = (7M,7M) 

See Section [T2] (fTSll for the definition of 7 in the non-relative setting. Likewise for each element 
we let 

(26) TR(x,y)= (TR(x),TR(y)) 
See also |21|, Chapter 1]. 

Note that by [30l Proposition 3.2] we have 

(6o7)(a) = ;^(7orf^)(cT) for each a e GL{C^{A", A)) 
With these definitions the diagram 

H^^,{Ml{A)) H^{%\A),Ml{A)) 



(27) 



TR07 



TR07 



becomes commutative. 
Corollary 4.3. The diagram 



H,{MliA)) H,{%\A),Ml{A)) 



T10TR07 

C 



T0TR07 
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is commutative. In particular we have 

n o chf = T o TR o 7 o 9 o /i^/ 

Proof. An immediate consequence of the commutative diagram ( l27ll , Lemma 14.21 and the defi- 
nition of the relative Chern character given in ( |T9ll . □ 

4.2. Determinants and The Relative Logarithm. In this important part of the paper we 
start relating the universal multiplicative character with the Fredholm determinant. The main 
result of this section is thus Lemma 14.71 where we show that the composition of the relative 
logarithm 

j:H,{%\A),MliA)) ^ lim HCr' {MmiT'), M^{M')) 
with the trace map 

T o TR : lim HC^^^^^HM^ir^), M^{M^)) C 

and the exponential 

exp : C ^ C* 

is a Fredholm determinant. 

Definition 4.4. Let Q denote the kernel of the map 

GL{q) : GL{C{H)) GL{C{H) / C\H)) 
induced by the quotient map 

q:C{H)^C{H)/C\H) 
The operators in Q are said to he of determinant class. 

Definition 4.5. By a map a : A" ^ Q we will understand an element in the group 
such that 

Since the continuous unital surjective algebra homomorphism : ^ has a continuous 
linear section, it follows by Lemma \3M and Theorem 13.51 that 

(28) t o e : H^{Cokev{6^,{A))) ^ Hr,{%\A),Ml{A)) 

is an isomorphism. 

Define the map 

7 : Z[GL{CUA\T')) x^,(^,(^,^^,)) GL{GUA\T'))] C 
by the assignment 

7 : (c^i, (^2) ^ -Tvoo ^ ^^^^^ ■ (^2(ri^dt 

for each generator 

{a„a,) e GL[Cl{A\T^)) x^,(^,(^,_^,^) GL{GI{A\T')) 
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Here the trace 
is induced by 

Tvm : X ^ J2T=iMxii) for all x e M^{C\H)) 
Note that ai ■ : ^ Q is in the sense of Definition I4.5[ 

Lemma 4.6. We have the equality 
for all generators 

{a,,a,) G GL{C',{A\T')) x^^^^,^^,^^,^) GL{C',{A\T')) 
In particular 7 induces a map on homology making the diagram 



H,{%\A),MliA)f°S'HJcokev{5^,iA)) 



(29) 



roTRo7 



C 

commutative. 

Proof. Since the operator algebraic trace 
is continuous and linear we have 



-Tr^ ■ -^-^'dt = -f^ Tr. (^^^ ■ a,a^^)dt 



Using the Leibnitz rule for the differential operator ^ we get 

(i((Ji(T^^) dui _i _i da2 _i 

dt dt ^ ^ dt ^ 

Defining a G M^[C'^{A^ , C^{H))) by a + 1 = aafrf^ we have 
Tr^(^^-a.a, ) 



Troo(^ ■ - (a + 1)"^^ ■ a^'ia + 1)) 
Tr^(^-a, -(a + 1) ^ • a, ) " Tr^ ((« + 1) ^ ■ cr 



. (i(Ti 1 da- 



O 1 \ 
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The equality 

7((o^i,a2)) =Troo(^ ^-a^'dt-j^ ^ ■ a^^dt) 
has thus been proven. 

To prove the commutativity of the diagram (l29l) recall that by Theorem 13.51 the isomorphism 

toe: i^„(Coker((5^,(A))) ^ H,,{%\A) , MHA)) 

is induced by 

Applying the relative logarithm 

j:H,{%\A),Ml{A)) lim HCr'{MW^'),M^{M')) 

m— >oo 

defined in Section 14.11 f l25l ) we get 

7(0, ai - = (0, ^ ^ ■ a^'dt - ^ ^ " ^I'dt) 

Now, the composition T o TR of the relative generalized trace 

TR: lim HC^o"''UMm{T^),Mm{M^)) ^ HC;^"''\T\M^) 

defined in Section 14.11 f l26l ) and the trace map 

T : i7C™°t(T\A^i) ^ C 
from Lemma [4.11 can be replaced by the trace map 

: lim HCr'{Mm{T^).Mra{M^)) C 

induced by 

(^,0)^Troo(^) 

This allows us to deduce the equality 

(T o TR o 7) (0, ai - as) = Tr^, ( ^ ^ ■ a^'dt " ^ ^ " ^I'dt) 

proving the lemma. □ 
Lemma 4.7. The composition of 

7 : /fi(Coker((5^,(A))) ^ C 
with the exponential exp : C ^ C* coincides with the Fredholm determinant of the endpoints 

(expo7)(ai,a2) = det{iGL{m) o cx,){l)-' ■ {GL{7i^) o a2){l)) 
Here tti : ^ ^{H) is the continuous unital algebra homomorphism given by 

TTi : (S, x) i-^ S for all {S, x) E 
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Proof. Let there be given an element 

{aua2)eGL{C',{A\r')) 



X 



GL 



The C2 map a^a^^ : ^ GL{T^) is then of the form 

aia^-i = (a, 1) = ((^^(Tri) o ai) ■ (G'L(7ri) o a2)-\ l) 
with a : — > ^ being and a(0) = 1. It follows that 

but this is precisely the determinant 

det(«(l))"' = det((GL(7ri) o a{){l)-^ ■ iGL{m) o a2)(l)) 

as desired. 



□ 



4.3. Proof of The Main Result. In this section we draw the consequences of Lemma llTTl cul- 
minating in a proof that the universal determinant invariant equals the universal multiplicative 
character up to a canonical homomorphism on algebraic i^'-theory. 

Let Coker{6GL{g)) and Coker((5GL(7r2)) denote the cokernel complexes in group homology associ- 
ated with the group homomorphisms 

GL{q) : GL{C{H)) ^ GL{C{H) / C\H)) and GL{7C2) : GL{T^) GL{M^) 

respectively. Let IcLiq) and Igl(tt2) denote their images. See Section [2TT1 

The commutative diagram of C-algebra homomorphisms from (|20|) induces the commutative 
diagram 



GL(T^' 

GL(7ri) 



GL{7T2) 



'GL(7r2) 



GL(R) 



GL{q) 



of group homomorphisms. In particular we get the homomorphisms 

(GL(i?),GL(7ri))^ and GL{t^i), 

making the diagram 



H2{Igl{ 



(ioe)-i 



7r2)J 



H,{GL{T'),lGLin2)) i/i(Cokerfc(.2))) 



(30) 



GL{R), 



(gL(/?) ,GL(7ri)) 



GL(7ri), 



H2{lGL(q)) 



H,{GL{C{H)),lGLiq))^.^_H^{Cokev{6GLig))) 



commutative. See Section f2?n 
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Let Coker((57r2(A)) denote the cokernel complex in normalized singular homology associated 
with TT2 : —>■ A4^ . We then have the commutative diagram 



(31) 



H2{lGLi.,)) — — ffi(GL(ri),/GL(.,))^.— ,i^i(Coker(5GL(..))) 



Note that 

loe: /fi(Coker(5^,(A))) ^ H,{%\A), Ml{A)) 
is an isomorphism by the existence of the continuous linear section of n2 : ^ M.^ 

s : Ai^ ^ X 

See Section [3?T] for details. 
Recall that the determinant 

det:i/i(Coker(5GL(,))) 

is given by 

(^1,^2) ^ det(^i^2"^) 

on generators 



{gu92)eGL{C{H)) 



X 



GL 



{C{H)/CHH)) 



GL{C{H)) 



See Section [22] for details. 

The content of Lemma [47] can now be stated in a homological fashion as the commutativity of 
the diagram 



GL(7ri). 



//i(Coker(5^,(A))) ^ i/i (Coker(5GL(..))) i/i(Coker(5GL(,))) 



(32) 



det 



c 



exp 



Indeed for each generator 



[a,,a2)eGL{C',{A\T')) 



X 



GL 



GL{Cl{A\T^)) 



(c2(Ai,A4i)) 



we have 

(det o GL(7ri), o e){a,, ^2) = det((GL(7ri) o ai)(l)-\ (GL(7ri) o (T2)(1)-^) 

= det((G'L(7ri) o ai)(l)-i ■ (^^(Tri) o a2){l)) 
= (exp 07) (0-1,0-2) 

For details see Subsection I3.1.2[ 
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Combining the result of Lemma 14 .61 with the commutative diagrams ( l32i ). (iSTll and (l30ll enables 
us to calculate as follows 

exp oT o TR 0705 = exp 07 o (i o e)"^ o 5 

= det o GL{-Ki)^ o 6 o {io e)'^ o d 
= det o GL(7ri)^, o {io e)"^ o d o 6 
= det o (i o e)^^ o d o GL{a)^ o 
= detodoGL{R),oe 

We now precompose this equation with the relative Hurewicz homomorphism 

and use the commutativity of the diagram 

Kf{M') K2{M') K,{C{H)/C\H)) 



h2 



h2 



See [18, Paragraphe 6.15-6.18]. We obtain the equation 

(33) exp oT o TR o 7 o 9 o hf = det o a o GL{R)^ o 9 o hf = det o d o h2 o o 6 
and proceed with a proof of the main theorem 

Theorem 4.8. The composition of the universal multiplicative character 

Mu : K2{M^) C/(27rz)Z 

with the exponential function 

exp : C/(27ri)Z C* 
coincides with the composition of the homomorphism on algebraic K-theory 

R. ■ K2{M') ^ K2{C{H)/C\H)) 
induced by the algebra homomorphism 

R:M^^ C{H)/C\H) X ^ q{PxP) 
and the universal determinant invariant 

Detu : K2{C{H)/C\H)) ^ C* 

That is 

exp oMu = Det(7 o R^ 

Proof. From the long exact sequence (fTTl l we see that 

e : Kf{M^) K2{M^) 

implements the isomorphism 

Coker(t;) ^ K2{M^) 
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By construction of the universal multiplicative character it is therefore enough to prove the 
equality 

exp on o ch^2^ = Det[7 o R^o 9 
See Section I3.3[ But this is immediate from Corollary 14.31 Equation (l33l) and Definition 12.31 

exp oTi o ch2*'' = exp oT o TR 070^0 h^^^ = det odoh2oR^o9 = Detu o R^o 

proving the theorem. □ 

5. Secondary Invariants for Spectral Triples 

5.1. The Multiplicative Character of a Spectral Triple. In this section we will see that 
each odd unital g-dimensional spectral triple {A, H, V) with 1 < q < 2p gives rise to a multi- 
plicative character 

Mv : K2p{A) <C/{2mYZ 
in a canonical way. We start by recalling the relevant definitions. 

Definition 5.1. Let q G [1,cxd). By an odd unital q- dimensional spectral triple {A,H,V) we 
will understand a separable Hilbert space H a unital C-algebra A represented on H , and an 
unbounded self adjoint operator V such that 

(1) \D, a] is densely defined and extends to a bounded operator on H for all a G A. 

(2) (A - V)-^ G a{H) for all XeC-R. 

Definition 5.2. Let k G [l,oo). By an odd unital k-summable Fredholm module {H,F) over 
A we will understand a separable Hilbert space H, a unital C-algebra A represented on H , and 
a bounded self adjoint operator F such that 

(1) F2 = 1 

(2) [F,a] G C'iH) for all a e A 

Let p G {1,2,...}. In [T0| Proposition 1.6] it is clarified that each odd unital 2p-summable 
Fredholm module {H, F) over A gives rise to an algebra homomorphism 

Where ^A'^^~^ is the Banach algebra introduced in Section 13.31 This is essentially due to the 
observation 

P7r(a)(l - P), (1 - P)TT{a)P G C^^'iH) 
where P is the projection P = and tc : A ^ ^{H) is the representation of A on H . 
By functoriality of algebraic i^-theory the algebra homomorphism 

p:A^ M^P-^ 

induces a group homomorphism 

: K2M) ^ K2p{M^^-') 
Composition with the universal multiplicative character 

Mu : K2p{M^''-^) C/{2myfZ 



32 J. KAAD 

thus yields a homomorphism 

Muop,: K2p{A) C/(27ri)PZ 

This is the multiplicative character of the odd unital 2p-summable Fredholm module [H, F) 
over A. See |10j. 

Let q G [1, oo). Let {A, H, V) be an odd unital g-dimensional spectral triple with representation 

vr -.A^C^H) 

Let P be the projection onto the positive part of the spectrum of V. 

P = l[0,oo)(I^) 

By [m Corollary 2.5] the commutator [2P — l,7r(a)] is in C^{H) for all k > q. In particular 
the couple (2P — 1,H) is an odd fc-summable Fredholm module over A. 

Summarizing we get a multiplicative character 

Mj, : K2p{A) C/{2m)PZ 
associated with each odd unital g-dimensional spectral triple {A, H, V) with 1 < q < 2p. 

5.2. The Determinant Invariant of a Spectral Triple. In this section given an odd unital 
g-dimensional spectral triple {A, H, V) with 1 < g < 2 we construct a canonical exact sequence 
of C-algebras 

: > C\H) S B > 

and a surjective algebra homorphism R : A ^ B. By consequence we get a determinant 
invariant 

Detx, : K^iB) ^ C* 

and a group homomorphism 

: K2{A) ^ K2{B) 

We then prove the equality 

Detxi, o R* = exp oM-p 
thus giving a refinement of Theorem 14.81 

Let {A, H, V) be an odd unital g-dimensional spectral triple with 1 < g < 2. Let 

TT -.A^C^H) 

denote the representation of A on the separable Hilbert space H. Let P denote the projection 
onto the positive part of the spectrum of P 

P = l[0,oo)(I?) 

Let if+ denote the Hilbert space PH. Recall that [P,7r(a)] G C?{H) for all a G .4 by jlH 
Corollary 2.5]. 

We define a C-subalgebra £ of C{H^) by 

S = {Pn{a)P + T\Te C\H+) and a e A} 



COMPARISON OF HIGHER INVARIANTS FOR SPECTRAL TRIPLES 33 

Clearly £ contains the operators of trace class and is closed under scalar multiplication and 
addition. To show that £ is closed under multiplication we calculate as follows 

{P-K{a)P + T){P'K{b)P + S) 

= Pn{a)Pn{b)P + TS + TPrr{b)P + PTT{a)PS 

= P[TT{a), P] [n{b), P]P + PTT{ab)P + TS + TP'n{b)P + P'n{a)PS 

e £ 

We define the C-algebra B to be the quotient of £ by C^{H^). 
By construction we have an exact sequence 

Xv : > C\H+) £ B > 

Together with the inclusion l : £ C{H^) this is the data needed to define a determinant 
invariant 

Detx^ : K2{B) C* Detx^ = Detu o l. 
See Section [221 This is the determinant invariant of the spectral triple {A,H,V). 
We define a surjective algebra homomorphism 

R:A^B 

by the assignment 

R(a) = q{PTr{a)P) 
We are now ready to prove the following refinement of our main result 
Theorem 5.3. The diagram 



C/(27r.)Z ^ C* 

is commutative. In particular the multiplicative character and the determinant invariant asso- 
ciated with an odd unital q-dimensional spectral triple {A, H, V) with 1 < q < 2 coincides up to 
the homomorphism 

: K2iA) ^ K2{B) 

Proof. Let t : B C{H^) / C^{H^) denote the algebra homomorphism induced by the inclusion 
i : £ ^ C{H^). We then have the commutative diagram 

A B 



Together with the result of Theorem 14.81 this allows us to calculate as follows 

exp oMx) = exp oMu o p* = Betu o R^ o = Detc/ o o R^ = Det^i, o R* 
proving the theorem. □ 
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6. Calculations of the Multiplicative Character 



In this section we study the homomorphism 

M_.^ : K2{C'^{S^)) C/{2m)Z 

induced by the spectral triple (^C°°{S^), L'^{S^), —i-^)- In particular we are interested in calcu- 
lating the quantity 

M.jL{a,P} e C/(27ri)Z 

dt 

Here a, P : ^ C* are two smooth loops and {a,P} G K2(C°°{S^)) denotes their Steinberg 
symbol. See [27] for additional information. 

For details on the construction of the spectral triple (C°°(S'^), L'^{S^), —i-^) and the associated 
Fredholm module (F, L^(S'^)) we refer to [TT], Appendix C] for example. For our purposes it is 
sufficient to know the form of the corresponding algebra homomorphism 

This map is induced by the assignment 

, . f S 1-SS*\ , ( S* 

for the generating loops z and z~^. Here S : H H is the shift operator given by 

5'(e„) = e„+i for all e {0, 1, 2, . . .} 

where (e„) is an orthonormal basis for the Hilbert space H indexed by the positive integers. 
Thus by definition we have 

M_-A =Muop, 

dt 

where : K2{C°°iS^)) K2{M^) is induced by p and Mu : K2{M^) C/(27ri)Z is the 
universal multiplicative character. 

Now, let a, P : ^ C* be two smooth loops. Let n and m be the winding numbers of a and 
P respectively. We can then find smooth loops a : ^ C and 6 : S"^ — > C such that 

for all z E S^. It follows that 

a{z) = z^'e"^''^ and P{z) = z'^e''^'^ 
Let a{S),b{S) G C{H) denote the operators 

(34) a{S) = Ek>o c^kS' + Ek>o c^-kiS'Y and 6(5) = Ez>o biS' + E/>o b^ii^'Y 

Here a{z) = J2kez '^kz'^ ^(^) ~ XIzgz ^'-^^ ^'^^ Fourier expansions of a : 5^ ^ C and 

By the general theory of Toeplitz operators we have 

(35) q{Pp{e^)P) = g(e"(-^)) and q{Pp{e^)P) = g(e^('^)) 
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where q : C.{H) —>■ C{H)/ C^{H) is the quotient map and P is the projection 



P=(^l I ^eC{H(BH) 



Indeed one could start by proving the equalities 

q{Pp{e'')P) = q{e^P^^^^) and q{Pp{a)P) = q{a{S)) 
and then deduce from the latter one that also g(e^^'^"^^) = ^(6"^"^^). 

In order to calculate the multiplicative character of the Steinberg symbol {a, (3} G K2[C°°{S^)) 
we need a lemma on Fredholm determinants. 

Lemma 6.1. Suppose that x,y & ^{H) satisfies 

x-ye C\H) 

The operator e^e~^ G Q is then of determinant class and the determinant is given by 

det(e^e-^) = e^^^"^) 

Proof. By Duhamel's formula we have 



e^e"^ = 1+1 e*^(x - y)e-'ydt 
Jo 



proving that e^e ^ G ^. 

Let F : [0, 1] — > ^ denote the smooth path 

F:t^ e*^e-*^ 
Let / : [0, 1] — s> C* denote the smooth path 

f -.t^ det(F(t)) 
By the Gohberg-Krein Lemma, [31], Chapter 1.9], we have 

•' dt ^ dt' 

The derivative of F is given by 

dF 

^ = e'^{x-y)e~'y 
The operator trace of F~^^ is therefore 

dF' 

Tr(F-i^) =Tr(x-i/) 

Since /(O) = 1 and 

| = T.(.-,)./ 

we must have f{t) = e*""^*^^"^) proving the Lemma. □ 
We are now ready to do our calculation of the multiplicative character. 
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Theorem 6.2. The multiplicative character associated with the spectral triple 

{C^(S'),L\S'),-zj^) 

has the concrete expression 

{expoMu op^){a,P} 
(36) = Detc7{g(5)"g(e'^(^)),g(5)'"g(e^(^))} 

= (-I)"'" exp {nTv[Sb{S), S*] - mTv[Sa{S), S*] + Tv[a{S), b{S)]) 
when applied to the Steinberg symbol 

{a,(3}eK2{C^{S')) 

Proof. The first equality 

(expoM^ op,){«,/5} = Detc;{g(^)"g(e'^(^)),g(^)™g(e''(^))} 
is immediate from Theorem 14.81 and Equation (l35l ). 

The skew-symmetry and bilinearity of the Steinberg symbol yield the identity 

Det^{g(^)"g(e'^(^)),g(5)"g(e^(^))} 

= Detc; {{q{S), g(e"''(^)— "(^))}{g(e'^(^)), g(e'(^))}) 

See [27j. Since the determinant invariant 

Detu : K2{CiH)/C\H)) ^ C* 
respects the group structure we get 

Det^{g(^)"g(e»(^)),g(5)™g(e^(^))} 

= Detu{q{S),q{S)r^ ■ Detf;{g(5), g(e"^(^)-™'^(^))} ■ Det^{g(e"(^)), g(e^(^))} 
By and Section [2731 we have the equalities 

Detu{q{S), q{S)} = -1 and Dett/{g(e"(^)), g(e''(^))} = e'^['^(^)'^(^)l 
We will therefore only concentrate on the quantity 

Dett/{g(5),g(e"^(^)-'"'^(^))} G C* 
By [T6l Lemme 4.2] the Hurewicz homomorphism has the expression 

e H2{lGL{q)) 

when applied to the Steinberg symbol {g(^), g(e"^(^)-™''(^))} G (C~(5^)) . Here the maps 
d,2,d,, : GLm{C{H)/C\H)) ^ GL^^{C{H)/C\H)) 
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are given by 

/ X 0\ / X 

duix) = I x^ \ and disix) =01 

\ 1 y \ a;^^ 

for each x G GLm{C{H)/C\H)) 

Now, define the invertible matrices Ls G GL^{^C{H)^ and L^nb(s)-ma(s) G GL^{^C{H)) by 

S l-SS* Q\ / e"''(^)-'""(^) 

S* and L^-ab(s)-ma(s) =1 1 

1/ \ e"'"(^)-"^(^) 

We then have 

GL{q){Ls) = du{qiS)) and GL(g)(L,„,(s)-™(s)) = rfia (g(e"^(^)-"^'^(^))) 
It follows that the cycle 

(0, Ls ■ L^nb(S)-ma(S) — L ^nb(S)-ma(S) " L s) G Toti(Cone(GL(g))[-l]) 

represents the element 

(9o/^2){g(5),g(e"^(^)-™"(^))} G H,{GL{CiH)), IcLi,)) 
Here the boundary map 

d : H^ilcm) ^ Hi{GL{C{H)),Igl(,)) 
is associated with the surjective group homomorphism 

GL{q) : GL{C{H)) ^ C 

Under the isomorphisms 

H,{GL{L{H))Jgh,,)) ifi(Coker(5GL(,))) i^GL(,)/rGL(,) 

from Theorem 12.11 and Theorem 12.21 the class of the cycle 

(0, Ls ■ L^„b(S)-ma(S) - Lg„ b(S)-ma(S) ■ Ls ) G Toti(Cone(G'L(g))[-l]) 

becomes 

Ls ■ L^nb(S)-ma{S){Ls) ^ L ^ma(S) -nb(S) 

f 5'e"^('S')-'"«('5) 1 — 5* 5** \ / g* ^vfia{S)-nb(S) Q \ 

= y ^* J • (1 _ 5^*)ema(5)-n6(5) g j 

ig^nb{S)—ma{S) g* ^ma{S)—nb{S) _|_ g i^*'j^ma{S)—nb{S) 

e KGL{q)I^GL(q) 

The determinant invariant of the symbol is therefore given by 

Det[;{g(5),g(e"''(^)-'""(^))} = det(^e"''(^)-'""(^)5*e™"(^)-"^(^) + (1 - 55*)e'""(^)-"''(^)) 
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In order to proceed we use the identities 

l^^nb{S)—ma{S) ^* ^ma{S)—nb{S) -|- ^ ^*"^^ma{S)—nb{S) 

S* ^ ^* ^ma{S)—nb(S) -|_ g i^*"^^ma{S)—nb{S) 

^ ^s[nbliS)-ma(S)) S* ^ma(S)-nb{S) 

Since the operator S (nb{S) —ma{S)) S* — (^nb{S)—ma{S)) can be expressed using a commutator 

S{nb{S) - ma{S))S* - {nb{S) - ma{S)) = [S{nb{S) - ma{S)),S*] 
it must be of trace class. By Lemma EH we conclude that 

f[Q^^gQ'rib(S)-ma{S) 1^* ^ma{S)-nb{S) _|_ _ ^^*^gma(S)-n6(5)"^ 

= exp {nTv{Sb{S)S* - b{S)) - mTv{Sa{S)S* - a{S))) 
proving the Theorem. □ 

We can evolve slightly on the above result 

Corollary 6.3. The exponent in expression ([36l) satisfies 

nTT[Sb{S), S*] - mTv[Sa{S), S*] + Tv[a{S), b{S)] 

= maQ — nbQ + ka^^bk 
fcez 

= — ma{9) - nb{9) de + / a{d)b'{d)dd 

Thus we have the integral formula 

(expoMc/op,){a,/3} = (-l)"™exp (— / ma{e) - nb{e) dO + / a{e)b'{e)d9) 

2vr Jo 27ri Jq 

for the multiplicative character. 
Proof. The identities 

Tr[a(5),6(5)] = y^ka^ubk = r a{e)b\e)de 

have been proved during the example on page 150-152 of [15j . 
To show that 

nTt[Sb{S),S*] = -nbo 

we use that 

Sb{S)S* - b{S) = - ^6„5"(1 - SS*) - J2 bn{l - SS*){S*y 

n>0 n<0 

Since the trace of the quantities 

5"(l-55*) and {1 - SS*){S*)'' 
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vanish for any n > we get 

Tr{Sb{S)S* - b{S)) = -60 
proving the corollary. □ 
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